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There is currently no unanimous consensus on the shape and interpretation of the electron
energy distribution function in a Hall Thruster, but many experimental evidences have been
accumulated which suggest that this distribution is characterized by at least two maxima. Theoretical as well as numerical studies have recently comforted this theory, but have not given
much insight about the origins of the second maximum, nor about the influence of external
parameters on the distribution. A phenomenological explanation of the possible double-hump
of the energy distribution function is given, based on the probability density of energy of electrons involved in a cyclotron motion. A theoretical model proposed by other authors [1] is
investigated by the mean of Monte-Carlo simulation, extending the original model to the case
of collision-driven transport. The effect of elastic collisions is shown to be relatively modest
and not to disturb significantly the distribution, but a detailed study of inelastic processes
suggests that the dispersion of velocities after dissipative collisions is too large to induce a
significant high energy hump in the distribution.

1

Introduction

The following work intends to cross the bridge between these two approaches through a confrontation of
the theoretical results with a simple particle model, in
order to define more precisely the meaning and the applicability of the EEDF given in [1]. The aforementioned theoretical distribution corresponds to the EEDF
in a low density plasma dominated by inelastic collisions, which is consistent with the characteristic of the
discharge in Hall thrusters in the high magnetic field region. It will be shown, however, that the estimation of
the dispersion in electron velocity after inelastic collisions is critical for the computation of the EEDF and
cannot be achieved without a more detailed analysis of
collision processes. The simple theoretical model is for
this reason extended in the frame of a Monte-Carlo simulation to account for the effect of elastic collisions, ionization, excitations and collisions with the walls.

The electron energy distribution function (EEDF) measured experimentally in Hall thrusters invariably exhibits two or three peaks [2, 3, 4]. The peculiar shape
of the EEDF was given different interpretations, generally involving the presence of several populations of
electrons associated with distinct processes, such as ionization or secondary emission at the walls [4].
Some numerical studies have also shown that in some
circumstances a high energy peak may appear, although
it could not be clearly associated with a given physical
process [5, 6, 7]. With a different approach, Fedotov et
al. [1] have given a theoretical evidence that a single
population can account for two energy maximum when
involved in a E × B drift, provided that thermal relaxation is weak.
Copyright c 2000 by Institute of Fundamental Technological
Research. Published by the Electric Rocket Propulsion Society with
permission.
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2.1

Preliminary discussion

Probability density of state of a single electron

The presence of two energy maxima in the EEDF of
an unrelaxed electron population submitted to the influ→
−
→
−
ence of perpendicular E and B fields can be simply
explained by observing the motion of a single electron.
Let us name vk , vϕ and vz the coordinates of the ve→
−
→
−
locity vector in the direction of B , of the drift and of E
respectively. The energy of a single electron describing
the well-known cycloidal motion and its time derivative
in Lagrangian coordinates are given by:

B

ε̇(t) = me ωB ud (vϕ 0 − ud ) +

0

vϕ − ud
vz

portions of the trajectory than in the intermediate energy
portion, as illustrated by Fig.1.

d (De ε̇)
=0
dε

This probability density can be understood as the contribution of every single electron to the overall distribution function of a collisionless electron medium. If
for instance all electrons were born with zero energy
and were involved in a infinite motion, the (normalized) distribution function of this homogeneous collisionless plasma would exactly coincide with the probability density of state De corresponding to εmin = 0
and εmax = 2me u2d .

(3)

which can be integrated to obtain the expression of the
normalized probability density:





1
√
√
π ε − εmin εmax − ε

De (ε) = 0

ε ∈ [εmin , εmax ]
ε∈
/ [εmin , εmax ]
(4)

2.2

with:
2

1
εmin = me ud − (vϕ 0 − ud )2 + vz2 0 +
2

2
q
1
εmax = me ud + (vϕ 0 − ud )2 + vz2 0 +
2
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me vk2 0
2
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me vk2 0
2
(5)
The probability density De exhibits two peaks of infinite height located at εmin and εmax which are associated with longer transit time in the high and low energy


q

εmax

Figure 1: Position of energy extrema in the trajectory of
→ −
−
→
an electron submitted to E × B fields and corresponding energy probability density

The stationary Liouville equation for the energy probability density of a single electron De reads:




 De (ε) =

εmin
Energy ε

vz2 0 cos (ωB t

+ ψ0 )
(2)
E
where ud = B
stands for the drift velocity , me for
the mass of an electron, ωB for the electron cyclotron
frequency and ψ0 for the initial phase of the particle in
the (ϕ, z) plane and in the referential of the drift:
tan ψ0 =

εmax

De (arb. units)

h
i
1
ε(t) = me vk2 0 + (vϕ 0 − ud )2 + vz2 0 + u2d
2
q
+me ud (vϕ 0 − ud )2 + vz2 0 sin (ωB t + ψ0 )
(1)
q
2

εmin

E
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Collisionless electron medium

A more complex case was studied in [1] where some
dispersion on the initial velocity dispersion of electrons
was accounted for in a qualitative way by taking the
initial velocity distribution of electrons (i.e. the undisturbed velocity distribution of electrons before they are
→ −
−
→
submitted to the E × B fields) as Maxwellian at a temperature Tp . Although the approach taken by the authors
to obtain the resulting EEDF was based on integrals of
motions, one could formally express the normalized en-

ergy distribution F of this electron medium as follows:
dvk 0 dvϕ 0 dvz 0
× fMh(vk 0 , vϕ 0 , vz 0 )
× De ε, εmin (ud , vk 0 , vϕ 0 , vz 0 ),
i

EEDF

εmax (ud , vk 0 , vϕ 0 , vz 0 )

(6)
where fM is a normalized Maxwellian velocity distribution.
An expression of this EEDF in term of a simple integral was given by Fedotov et al.∗ :
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Figure 2: Shape of the energy distribution function F
T
for different ratios εdp .
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tion over the cyclotron trajectory that does not correspond to a tangible physical effect. Since in our understanding electrons belonging to the beam are transported
via elastic collisions, the EEDF at a given point should
be simply equal to the initial EEDF at cathode shifted by
the potential drop between cathode and the point considered since the energy acquired is conserved and is the
same for all electrons.

(7)
where εd = 12 me u2d is the drift energy.
T
The shape of this distribution for different ratios εdp
is given on Fig.2 which shows clearly the similarity between F at Tp = 0 and De . It can be seen that the
second extremum disappears if the initial dispersion in
velocities is too large. It can be verified that in the limit
Tp
εd →∞ the distribution F tends to a Maxwellian distribution, which simply means that as the effect of magnetization is canceled the initial distribution is recovered.
2.3

Tp = 0
Tp = εd/10
Tp = εd

Z Z Z

F (arb. units)

F(ε) =

3
3.1

Idealized collision model

Numerical model

A classical Monte-Carlo method is used to simulate
electron transport within the frame of the planar approximation, assuming that the plasma is uniform in space.
This last assumption is justified by the strong confinement of electrons induced by the B field which leads to
a near-local adjustment of the energy distribution function as a function of the plasma parameters and electromagnetic fields. A similar argument was independently
proposed by other authors [8] for the study of the EEDF
in a Hall thruster, citing an earlier study of the EEDF in a
magnetron [9]. Besides, a local energy balance approximation was successfully used and justified for the computation of electron temperature in a 1D Hall thruster
simulation [10].
A single electron is introduced in the cross-fields, and
its velocity vector is subsequently tracked in all three dimensions. The initial state of the electron is meaningless
since stochastic collisions quickly remove any correlation between current and initial states (in practice, some

The electron beam

The presence of a beam of electrons emitted by the cathode was a main concern in the theoretical work mentioned above [1]. Although we do not discard such
a possibility, the suggestion that the associated EEDF
could exhibit a double hump seem debatable. Indeed,
when computing the EEDF by integration of the cyclotron motion of electrons as it was done in the previous section, one implicitly makes the assumption that
the plasma is uniform since this approach is formally
equivalent to integrating the EEDF over the volume in
which electrons evolve. This assumption is not valid for
an electron beam which acquires energy as it travels towards anode without dissipating it.
We believe that in the case of an electron beam, the
double-humped distribution is an artifact of the integra∗

the present expression is drawn from an erratum relative to the
original publication issued by the authors to N. B. Meezan
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εd ). Obviously, in a more exact treatment one should
distinguish three quantities Te k = Tp , Te ϕ = Tp + εd
and Te z = Tp + εd for each degree of freedom.
One may say therefore that the distribution F implicitly accounts for inelastic collisions, with the assumption that after inelastic collisions electrons are reemitted with velocity components vk , vϕ and vz distributed according toqa Gaussian law characterized by
a standard-deviation Tp /me .
It is also important to keep in mind that F was derived assuming that all electrons have the same weight in
the overall distribution function, implying that the mean
free flight time of electrons is independent from their
initial velocity (indeed, the contribution of a single electron to the distribution function is proportional to its free
flight time).
Finally, the contribution of each electron to the distribution F is determined from the probability density
of state over an integer number of cyclotron rotations
(this is an implicit assumption in the derivation of De ).
This simplification is well justified for Hall thrusters
where electrons typically perform many rotations between subsequent collisions due to relative order of
magnitude between cyclotron and collision frequency
(ωB  νcoll ), and the probability density of state is
therefore not strongly affected by the fact that electrons
do not in general perform an integer number of rotations.

3-4 collisions are enough to “forget” about the initial
state). This approach is somewhat related to the discussion of section 2.1, since it reposes one the idea that
the EEDF results from the probability density of energy
state of each electron. As it was previously pointed out,
this approach is strictly valid only for a uniform plasma,
and is justified here by the fact that the local energy balance inside the channel leads to reasonably low axial
variations of the plasma properties on the scale of the
cyclotron radius.
Analytical formulae are used to describe the evolution of electrons between consecutive energy levels of
the discretized EEDF in order to eliminate possible discretization errors arising from the integration of trajectories.
3.2
3.2.1

Test-case with idealized inelastic collisions
Motivation

Although electron/electron collisions are indeed negligible in the channel of a Hall thruster, the collisionless approach mentioned in previous sections is of
course somewhat artificial since the transport of electrons through the channel is heavily dependent on collision between electrons and other species (neutrals, ions,
walls). It is therefore interesting to investigate the relevance of the collisionless distribution F in the presence
of collisions. A comparison of the numerical model with
F shall also confirm the validity of the numerical model.
3.2.2

3.2.3

Physical interpretation of F in the presence of
inelastic collisions

Model of collisions

On the basis of the discussion given above, only inelastic collisions were taken into account in this test-case
and an idealized collision model consistent with the hypothesis made in the derivation of F was used.
The probability for an electron emitted at t0 = 0 to
collide with an neutral particle within a time interval
[0, t∗ ] is given by:

Let us first clarify the meaning of the plasma temperature Tp introduced in section 2.2. This temperature is
not what is usually defined as the temperature of electrons (written Te in this study). The temperature Tp is
a “background” temperature which gives an estimation
of the velocity dispersion due to collisions, independently from the dispersion in velocities induced by the
cyclotron motion. Indeed, the average energy of electrons for the distribution F is given by:
3
ε = Tp + 2εd
2
while the quantity usually denoted as electron temperature is by definition such that:
3
ε = Te + εd
2
3
since the quantity 2 Te also accounts for the non-directed
part of energy related to the cyclotron motion (equal to

1
−N

Pcoll (t∗ ) = 1 − e

a

R t∗

0 σi (ε)

q

2ε
me ·dt

(8)

where σi is the inelastic collision cross-section and Na
the density of neutrals.
In order to stay close from the hypothesis made in deriving F, the free flight time is made independent from the
velocity of electrons by observing that in Eq. 8 the time
t∗ becomes uncorrelated with the velocity (or energy) if
collision cross-sections vary according to:
α
σiideal = √
ε
4

(9)

where α is a constant coefficient whose value is without
incidence on the results as long as the condition ωB 
νcoll is satisfied.
The probability density of re-emission after an inelastic collision is given for each of the velocity component
vk , vϕ and vz by the aforementioned Gaussian law:
pv i =

me
2π · Tp

me v 2
− 2T i
p
e

const
σi
real
σi

-1

(10)

0.02

0.01

Additional details on the stochastic model for collisions are deferred to section 4.1.
3.2.4
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σi
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Results

The simulation was performed using typical parameters
for the near-exit region of the channel of Hall thrusters:
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It is difficult to estimate the background temperature Tp
without resorting to a more detailed model as will be
done later. Simulations were therefore performed for
εd
the cases studied earlier, namely Tp = 10
and Tp = εd
corresponding respectively to Tp ≈ 1.40 eV and Tp ≈
14.0 eV .
The coefficient α of Eq. 9 was taken equal to
1
−19
10
m2 eV − 2 . This cross-section variation law is of
course very artificial, and one may legitimately wonder whether this assumption can lead to meaningful results. For this reason, other cases were studied where
the cross-section were either taken constant:
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Figure 3: Computed EEDF with an idealized collision
model accounting only for inelastic collisions for (a)
Tp = 1.4eV and (b) Tp = 14eV

σiconst = const = 10−20 m2
or according to a “realistic” profile (denoted σireal ) corresponding to experimental ionization cross-sections for
xenon [11].
The results are displayed on Fig. 3. The distribution
εd
F for Tp = 10
and Tp = εd was given on Fig. 2 and is
not reproduced here since it coincides exactly with the
results obtained for cross sections σiideal (notwithstanding the random noise due to the computational method).
3.2.5

160

σideal
i

• Magnetic field: B = 18 mT
• Density of neutrals: Na =

100

(a)

• Electric field: E = 40 × 103 V · m−1

1018

80

proposed in section 3.2.2 and simultaneously confirms
the validity of the numerical model.
As could be noticed earlier in section 2.2, the appearance of a double-humped distribution is mainly conditioned by the value of the ratio Tp /εd . This is easily understood physically since the dispersion in initial velocity after collision induces a dispersion on the location of
the energy extrema εmin and εmax in the cyclotron trajectory between collisions which affects the sharpness
of the peaks in the global EEDF.
It is interesting to note that the profile of cross-

Discussion

The correlation between the theoretical results given
by F and the computational results with “ideal” crosssections σiideal supports the physical interpretation of F
5

sections has a very limited effect on the EEDF when
Tp = εd /10. Indeed, since electrons perform many rotations between subsequent collisions, the free flight time
is mainly determined by the probability density of energy over the cyclotron motion i.e. by εmin and εmax ,
and not directly by the initial velocity vector after collision. The parameters εmin and εmax do actually depend
on the initial velocity vector, but as shown by Eq. 5 this
dependence is very weak in the case Tp  εd .
One should also mention that the order of magnitude
of the inelastic cross-sections has no effect here as long
as the condition ωB  νcoll is satisfied, since no other
type of collisions (elastic scattering, wall collisions) was
introduced at this point.
3.3
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Effect of elastic collisions

Elastic scattering plays an important role in the relaxation of the plasma. In the acceleration zone of a Hall
thrusters, elastic and inelastic collision frequencies are
of the same order and it is therefore not possible to fully
neglect elastic collisions.
The idealized model of inelastic collisions previously
described was kept back in the present computations,
using the “realistic” inelastic collision cross-sections
σireal and the elastic collision cross-sections of xenon
from [12]. Excitation collisions were neglected since
we make no attempt at this point to describe accurately
all collision processes.
Results are displayed on figure 4 and show that as
expected elastic collisions tend to thermalize the electron gas, but are not frequent enough to smooth out
the high energy hump in the case of a low background
temperature. A significant high energy tail can be observed, which behaves much like the high energy tail of
√
a Maxwellian distribution with a decay in ε e−ε/T0 .
Note that in the case of a low background temperature, the high energy tail could be correlated with the
tail of a Maxwellian distribution whose total energy is
higher than the actual EEDF, which must probably be
attributed to the fact that the high energy hump is significant, hence a large incident energy before collision (high
energy electrons prevail in the formation of the high energy tail since the probability of collision is higher for
fast electrons than for slow electrons).
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Figure 4: Computed EEDF with an idealized collision
model accounting for elastic and inelastic collisions for
(a) Tp = 1.4eV and (b) Tp = 14eV . A Maxwellian distribution characterized by the same total energy is displayed for comparison

elastic and inelastic collisions.
This results of simulations suggest that the qualitative
shape of the EEDF can be reasonably described by the
theoretical distribution even for realistic collision crosssections and/or in the presence of elastic collisions, assuming that their magnitude is comparable to that of inelastic collisions, which is the case in the acceleration
region of Hall thrusters.
The main shortcoming of this approach is its reliance

3.4 A brief summary
The main goal of the study led in this section was to
assess the ability of the theoretical distribution (noted
F) to correctly describe the EEDF in the presence of
6

on a prescribed value of the dispersion of velocities
caused by inelastic collisions (synthesized by the background temperature Tp ). Unfortunately, the background
temperature is not equivalent to the electron temperature
and it is therefore not possible to rely on experimental
measurements to estimate its value.

4
4.1

attached or scattered back into the plasma. One should
in principle distinguish between backscattered electrons
which are emitted with an energy comparable to the incident energy and true secondary electrons which are
emitted with an energy of the order of the eV , but only
the latter are considered here. The direction and velocity of secondary electrons emitted by the walls are
computed as if they were in thermal equilibrium with
a surface at temperature Ts , The statistical distribution
in term of directions is therefore not isotropic, and the
weight of each direction obeys a cosine law (beside the
sine related to solid angle geometry). This raises the following probability densities for the angle with the direction normal to the wall λ, the azimuth Ψ and the energy
ε:


pλ = sin λ cos λ
λ ∈ 0, π2
1
pΨ =
Ψ ∈ [−π, π)
2π
ε
ε
−
pv =
e kTs ε ∈ [0, +∞)
(kTs )2

Real case study

Description of physical processes

In order to describe in a self-consistent manner the effect of velocity dispersion after inelastic collisions, the
following collision model was used.
The phenomena taken into account are:
1.
2.
3.
4.

simple ionization
excitation (through a synthetic excitation level)
elastic scattering by neutrals
secondary emission/attachment at the walls and reflection on the sheath

These parameters define the velocity vector of secondary electrons in the close vicinity of the wall, before
they are accelerated by the sheath potential.
The stochastic generation of all parameters relies on
the usual transformation method, except for ε which is
generated by the mean of a rejection method (its proba1
ε
bility density is majored by the function kT1 s e−(1− e ) kTs
which is easily transformed analytically).
For each type of bulk collision, the free path is determined indirectly through the prescription of a “free
volume” defined as

For the sake of simplicity, it was assumed that the direction of re-emission after bulk collisions (ionization, excitation, elastic scattering) is statistically isotropic and
uncorrelated with the direction of the incident electron,
which leads to the following density probabilities for the
deviation angle α and the angle of azimuth Ψ:
1
sin α α ∈ [0, π]
2
1
pΨ =
Ψ ∈ [−π, π)
2π
pα =

The energy remaining after an ionization event is
shared equally between primary and secondary electrons.
Since the excitation potentials of the most significant excitation levels of Xenon lie within a quite narrow
range (8.32 − 9.81 eV ), these levels are grouped into
a synthetic virtual excitation level of potential 9.2 eV
whose corresponding cross-section profile is computed
from the sum of all excitation cross-sections (from [13]).
It is important to note that only excitation and ionization from ground state are considered. Metastable levels are not distinguished from others and radiative processes are not included in the model, so that losses by
excitation are probably overestimated.
Electrons hitting the sheath with a radial energy lower
than the sheath potential are scattered elastically in a
specular way. Electrons reaching the walls are either

Z

Vf ree =

s

∆t

σ(ε)
0

2ε
· dt
me

where σ is the relevant collision cross-section and ∆t
the free flight time. It can be shown (e.g. from Eq. 8)
that the probability density for Vf ree is:
pVf ree = Na · e−Na ·Vf ree
q

Vf ree ∈ [0, +∞)

2ε
The volume 0t σ(ε) m
· dt generated since the last
e
collision is compared after each displacement to the free
volume in order to check whether a collision took place.
This method involves the generation of a single random
number per collision and is thus faster than a stochastic
checking at each step.

R
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Secondary emission is modeled after Sternglass theory of electron secondary emission yield:

1−

q

ε
εm

0.06



-1



EEDF (eV )

ε 2
δ(ε) = δm e
εm

0.08

(11)

0.04

0.02

taking δm = 2.9 and εm = 600 eV , which are typical
values for boron nitride [15] and raise a unity yield at
50eV consistently with experimental measurements in
the low energy range [16].

0
0

We make no attempt at determining the sheath potential which is considered as an input of the model. An
accurate estimation of the sheath potential as a function of the EEDF was performed by Jolivet and Roussel in[16] and obviously requires a much more sophisticated model. An alternative and simpler approach based
on the classical fluid model of sheath proposed in [8]
may be used in a later work and could possibly take
into account the effect of a space charge limited current
through the sheath [17].
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4.2 Limitations intrinsic to the numerical method
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Besides obvious limitations related to the reduced number of phenomena taken into account, this model cannot be expected in general to give the exact solution of
Boltzmann equation. As stated before, the model relies
on the uniformity of the plasma which is intrinsically violated by the fact that ionization and attachment at the
walls change the net flux of electrons. Except in specific
cases, there is no balance between both processes and
ionization generally prevails, resulting in an increase of
the net current. We believe nevertheless that the results
are not too strongly affected by this problem since on
one hand attachment partially balances ionization and
on the other hand the axial length of ionization is several time the cyclotron radius. A rigorous estimation of
the induced perturbation on the EEDF is however lacking at the time of this writing.
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4.3 Results
(c) Case 3

The results of simulations are presented for three different cases, corresponding to three different locations
in the channel. Input values are taken from a 1D simulation of the discharge [18] and are summarized in the
following table where Φw stands for the sheath potential.

Figure 5: Electron energy distribution functions for different plasma and field parameters

8

Case:
Na (m−3 )
Φw (V )
B (mT )
E (kV.m−1 )
εd (eV )

1
26 1018
31
6.5
3.0
0.61

2
11 1018
44
13
17
4.9

3
6.6 1018
47
17
30
8.8

theoretical model is available in the range of electron energy typical for Hall thrusters. Indeed, there exist very
little literature about low energy backscattering, and although there exists several theoretical models of electron secondary emission, none of them has ever been
firmly confirmed due to the lack of experimental data in
the low energy range.
The present results are consistent with other numerical results [5, 6, 7] which predict a larger departure from
the Maxwellian distribution in the low magnetic field
region. This contrast with experimental measurements
[2] where the departure is larger close to the exit of the
channel. Consequently, if the present results can be relied upon for what concerns the qualitative behavior of
the EEDF for increasing magnetic field, the presence of
a high energy peak in the EEDF cannot be explained on
the basis of the energy extrema of the cyclotron motion.

The only significant departure from a Maxwellian distribution can be observed in the first case. The peak at
about 2eV very likely corresponds to the low bound energy of the cyclotron motion (εmin ) for electrons after an
inelastic collision. Indeed, the mean energy of electrons
in case 1 is rather low, so that most inelastic collisions
are performed at energies close to the treshold of inelastic process, thus re-emitting electrons with a very small
energy.
One can notice also a small and narrow peak in case 3
at about 50eV , that is at an energy corresponding to
the wall sheath potential. This can be explained by the
fact that inelastic collisions with the walls dominate over
other inelastic processes at this location in the channel,
which results in a large number of secondary electrons
being emitted with an energy of the order of the sheath
potential.

5
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Conclusion

The theoretical possibility of a double hump in the
EEDF induced by the peculiarities of the cyclotron motion was confirmed by numerical simulations, at least in
the hypothetical case when the dispersion of velocities
after inelastic collisions is at most one order of magnitude lower than the drift energy. A more detailed analysis of inelastic processes seem to indicate, however, that
such a situation is never met in practice and that the dispersion of post-collision velocity is always comparable
or higher than the drift energy.
It is not nonetheless not possible at this point to categorically discard such a possibility since most inelastic processes are too complex to be accurately reproduced in such a simple model. This is for instance the
case of excitation processes for which a full collisionalradiative model including the transport of metastable
neutrals is theoretically required. Let us mention as
well that the reliability of experimental excitation crosssections is generally very low and difficult to assess.
Similarly, the results were found to strongly depend on
the description of wall interactions for which no reliable
9
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