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A previously developed computational method, which treats all particles in the plasma 
kinetically, is applied for a study of the effects of increasing the voltage beyond the well-
established range around 300V (for Xenon). Although some additional code development is 
still necessary to improve absolute accuracy, several important trends and effects are 
identified through these calculations. If the magnetic field is kept constant, the overall 
anode efficiency is found to increase at first, peak at about 600V, then decrease at higher 
voltages. On the other hand, if B is optimized at each voltage, the efficiency increases 
continuously with V. The detailed physics behind this behavior are identified. The second-
ion fraction (Xe++/Xe+) increases rapidly at first, but nearly saturates with further voltage 
increases. The electron temperature approaches proportionality with voltage, since metallic 
walls (TAL style) were assumed, and secondary electron emission was ignored. 
 
 

1. Introduction 
 

There is increased interest [1] in extending the range 
of mission applicability of Hall thrusters through 
increases in their operating specific impulses, and, if 
possible, of their efficiency. The experimental 
evidence which is beginning to appear about higher 
voltage operation [2,3,4,5,6] confirms that simply 
raising voltage at constant flow rate (with a re-
optimization of magnetic field depending on voltage) 
does indeed lead to higher thrust, and higher efficiency 
as well. Since this is obtained with thrusters, which 
were originally designed for V~300 Volts, the results 
are encouraging, but difficulties are expected on at 
least two accounts: overheating and life reduction. 
Some innovative designs have been suggested for 
high-voltage application, such as two-stage thrusters 
[7,8,9], and one can generally expect that even the 
conventional designs, will have to be re-optimized in 
their dimensions and proportions for this purpose. This 
task will require a concerted experimental and 
theoretical effort to extend our understanding of the 
basic thruster physics so as to cover the higher-energy 
regime. We, with NASA-Glenn support, have recently 

initiated at MIT and BUSEK a research program in 
this direction. This paper reports some of the initial 
computational results of this program. 
 
The method used is a full Particle-in-Cell code 
developed by J. Szabo at MIT and reported previously 
[10,11,12]. The method and the thruster configuration 
used are summarized in Section 2. 
 
Section 3 presents a summary of the aggregate results 
and their trends, plus a comparison of the 2-D 
distributions (plasma density, temperature, ionization, 
etc) at two different voltages.  
 
Section 4 contains more detailed analyses and 
discussions of some of the salient trends found. Sec. 
4.1 illustrates changes vs. mass flow rate at fixed 
voltage. Section 4.2 (and Appendix A) breaks the 
efficiency down to its various components, and 
discusses their individual trends vs. voltage. 
 
We conclude in Sec. 5 with a summary of main results 
and some recommendations for further research. 

 



2. Method and Configuration 
 

2.1 Code used 
General characteristics 
The code used was developed by James Szabo at MIT 
for his PhD degree [11]. It is a full particle-in-cell 
(PIC) code with two dimensions in space, three 
dimensions in velocity. It includes single and double 
ions along with neutral excitation. A few tricks are 
used to speed up the computation: 
• An artificial permittivity 0

2εγε =′  is used to 
decrease both the Debye length and plasma time 
by a factor γ. Because of this, the quasi-neutrality 
is not strictly maintained, especially in the 
acceleration region. 

• An artificial mass ratio 1<=
′

f
M
M  increases the 

neutral and ion speed by a factor f
1 . This 

artificial ratio speeds up the convergence of the 
code, governed by heavy particles. Cross-sections 
are also increased by this factor, to correct the 
various rates and compensate for the higher 
neutral velocity. 

• Computation particles have an average size of 
~106 particles, and neutral particles have a relative 
weight of 50 compared to other particles.  

 
Particle injection and boundary conditions 
Neutrals are injected at the anode with a half-
maxwellian distribution of temperature .1eV; electrons 
coming from the cathode (outside the simulation 
region) are injected at the right hand side at a rate to 
maintain local quasi-neutrality. They have a velocity 
set by the potential at the point they are created and 
the cathode temperature [11, section 3.20.3]. 
 
At the centerline, particles are specularly reflected. At 
the metallic walls (including the anode) however, 
electrons are deleted, ions lose their charge(s). They 
are re-emitted as neutrals in a random direction with 
half their initial kinetic energy. Neutrals hitting the 
wall are re-emitted at the wall temperature (700K for 
the metallic wall, .1eV for the anode) with a half-
maxwellian distribution. 
 
The charge balance at the floating metallic wall 
determines the wall potential, using a capacitance 

FC 1010−= . Other boundaries for the Poisson solver 

are symmetry at the centerline, anode potential at the 
anode, zero longitudinal E-field at the vertical right 
hand side. The potential at the upper right hand side is 
calculated using a sheath model between the wall (at 
the wall potential), and the right hand side corner (at 
the cathode potential). 
 
Particle motion and collisions 
Particles are moved forward by a leapfrog algorithm; 
neutrals are moved every 10 ion and electron time 
steps only.  
 
Collisions modeled include electron-neutral elastic 
scattering, neutral excitation (one lumped level only), 
neutral single and double ionization; single ion 
additional ionization, electron-electron and electron-
ion Coulomb collisions (Fokker-Planck algorithm), 
ion-neutral charge exchange and elastic scattering. 
Cross-section values can be found in [12] and [11]. 
Bulk recombination is not considered. 
 
2.2 Thruster modeled 
The thruster modeled is the 50-Watt mini-TAL 
thruster, built at MIT by Khayms, except that the 
anode is as modified by Szabo [11] to reduce magnetic 
line interception. The design mass flow rate and 
voltage are .13 mg/s and 300V. 
 
The artificial parameters used are 500,2

1=f  and 

γ=10. The 87*49 grid (Fig. 1) resolves the modified 

Debye length 
e

e

ne
kT

d 2
0εγ= ; the time step used is 

smaller than the modified plasma time: the new limit is 
the electron gyro motion frequency  

p
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Figure 1 - Computational grid 

 
A full case takes about 80,000 iterations to converge, 
the convergence criteria being the total neutral mass in 
the simulation. However, for cases close to each other, 
we used converged solutions re-ran with modified 
parameters. This enables us to achieve convergence in 
20,000 iterations only (about 12 hours of CPU time on 
a Pentium IV 1.5GHz PC). 
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Figure 2 - Nominal magnetic field lines 

 
In this paper, different voltages have been tested: 300, 
600, 900 and 1200 Volts, for a mass flow rate of 
0.1mg/s. For each voltage, the optimal relative B-field, 
relative to the nominal design B-field (Fig. 2) has been 
found. One case at another mass flow: 600V, 0.167 
mg/s, nominal B-field, has been run. The results are 
presented in Table 2. 
 

3. Performance results 
 
3.1 Global performance parameters 
The main parameters characterizing the thruster’s 
operation at a variety of conditions are collected 
together in Table 2.  Except for one case at V= 600 V, 
the rest are all at the normal flow rate smgm /1.0= .  
At each voltage the magnetic field was optimized 
(coarsely) with respect to overall efficiency; for 600V, 
the nominal B field was found to be approximately 
optimal.  The results of [6] suggest that Bopt scales as 
V1/2 for SPT-type thrusters, and there is some 
theoretical justification for this scaling, in that this 
would preserve the Larmor radius of electrons with 
speeds proportional to V1/2. Our results (Fig. 3) seem 
to depart from this law towards B ~ V, which is the 
behavior found theoretically in [13] to describe the 
upper limit of the existence domain for steady flow 
solutions in a TAL-type of thruster (no strong wall 
losses). 
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Table 2 indicates that the various computed currents 
stay fairly constant as V is varied, except for some 
noticeable increase in the anode (or cathode) current 
between 300V and 600V. 
 

Table 1. Computed contributions of double ions to 
mass flow, beam current and thrust (for 0.1 mg/s). 

V (Volts) 300 600 900 1200 

mm /++  0.088 0.123 0.145 0.168 
Ib

++/Ib
   0.202 0.247 0.271 0.303 

F++/F 0.149 0.178 0.196 0.218 
 
The (constant) mass flow is broken down in Table 2 
into its constituents as they leave the engine: simple 



ions, double ions and neutrals.  The most interesting 
part of these results is the double ion fraction. This is 
extracted into Table 1, together with the results for 
thrust contributed by the various species. 
 
More will be said about these results in Sec. 4, but it is 
worth pointing out at this time that the various double 
ion contributions increase strongly with voltage only 
at the low end of the range, and tend to saturate to 
nearly constant values at the higher voltages. 
 
The thrust and specific impulse increase roughly as 
V1/2, as expected.  The mean electron temperature 
(<Te>, in eV) is shown in the next line of Table 2, and 
also in Fig. 4.  The variation with voltage approaches 
proportionality at high V, but is slower than that 
initially. This may imply reductions of beam 
divergence between V=300V and, say, 600V, because 
the radial ion thermal speed will increase less rapidly 
than their axial speed, but our computation cannot 
accurately extend out to the plume to verify this. 
 
The potential of the outer channel wall is computed 
assuming the wall is metallic and electrically floating. 
Table 2 shows that this wall remains very close to 
cathode potential throughout.  This is in accordance 
with TAL experimental evidence and is probably due 
to the fact that some magnetic lines from the cathode 
region intercept that wall (Fig. 2). 

The particle number densities at a selected point are 
also indicated in Table 2.  There is some randomness 
in these “typical” results, due to motion of the 
ionization region with respect to the chosen point, but 
we can observe a general trend for ion densities to 
decrease with voltage, presumably as a consequence of 
their higher speeds (and despite somewhat increased 
ionization fractions).  The neutral density falls faster, 
since both effects add together for them.  A similar 
message is conveyed by the total mass of neutrals and 
ions in the simulation, also reported in the table. 
 
The last section of Table 2 concerns the various pieces 
that go into the calculation of overall efficiency, 
defined as )2/(2 VImT a =η . We will here only 
comment on the overall efficiency itself (last line in 
Table 2), and leave a more detailed discussion for Sec. 
4. If we compare the cases run at “nominal B field” 
(Fig. 5), we can see a clear optimum at V=600V (η≅ 
0.419), with a rapid rise from 300 to 600V and a 
slower decrease beyond 600V. The comparison at 
near-optimum B field (Fig. 6) still shows a monotonic 
increase of efficiency with voltage, although with a 
noticeable wakening of the trend between 600 and 
900V. This is similar to the experimental data of [3]. 
In [4] (single stage case), there is actually a small 
decreases in efficiency in the intermediate range, 
followed by increases at higher voltages. [5] and [6] 
show distinct optima near 600V. 

 

0

20

40

60

80

100

120

140

0 500 1000 1500

Voltage (V)

Te
m

pe
ra

tu
re

 (e
V)

Peak electron
temperature (eV)
Average electron
temp (eV)

 
Figure 4 - Peak and average electron temperature for different voltages, at optimum B-fields
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Figure 5 – Efficiency and Specific Impulse versus 
Voltage at constant B-field 
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3.2 Spatial Distributions at two Voltages  
For the voltages of 300V and 600V, at nominal Bfield, 
Figs. 7 through 13 summarize the (time-averaged) 
results for the main plasma quantities of interest. 
 
Figs. 7a and 7b refer to electron temperature (ignoring 
the differences between ⊥T  and ||T  which were 
reported in [10]–[12]).  At 300 V, Te is about 4eV near 
the cathode and inside the anode channel, and reaches 
about 40eV in the region of the anode opening. A 
secondary maximum of Te can be seen along the 
thruster axis, where an intensely luminous “spike” is 
normally observed. For 600V (Fig. 7b) the peak 
temperatures reach 60eV. 
 
The potential maps (Figs. 8a, 8b) are fairly similar in 
shape in both cases.  The high field, or acceleration 
region, extends only about the width of the anode 
downstream, and fairly low potentials are seen beyond 

this point.  However, the spike region, near the axis, 
also shows increased potentials, in both cases to about 
40eV. 
 
The electron densities are mapped in Figs. 6a and 6b.  
The most interesting observation is that the highest 
density is actually in the spike region, where it reaches 
about 8×1019 m-3. This accounts for the strong 
luminosity of this region, which, however, is small in 
volume, as it lies so close to the axis.  Its origin is 
mainly kinematical, a result of the crossing of many 
ion trajectories from all around the anode annulus.  
The principal plasma region is a ring in front of the 
anode, where ne peaks at about 1.6×1019 m-3 for 300V, 
and about 1.3 × 1019 m-3 for 600V. 
 
Figures 10-12 detail the various ionization processes. 
In Fig. 10, the first ion production is seen to peak in 
the main plasma ring near the anode, where both ne 
and nn as well as Te are high. The peak value is lower 
at 600V than at 300V, reflecting the lower ne and nn 
principally. Fig. 11 shows production of double ions 
from neutrals following eien 3+→+ ++ . This 
process occurs fairly much concurrent with single-ion 
formation, since the same ingredients feed into both. 
Once again, the maximum rate is lower at the higher 
voltage. 
 
By contrast, Fig. 12 shows that those double ions, 
which originate from single ions by i+ + e → i+ + + 2e  
do so predominantly in the spike region. This is 
because of the very high first ion density in this 
region, while neutrals, absent there, are not involved. 
Altogether, both double ion production channels 
contribute about equally to the total, but their very 
different geometrical distribution has interesting and 
strong consequences, to be expanded upon in Sec. 4. 
We only advance here the observation that double ions 
from the second channel (Fig. 12) are created at very 
low potentials, and contribute little to thrust. 
 
Finally, Fig. 13 details the rate for the one lumped 
neutral excited level population rate. It is assumed in 
the code that the corresponding excitation energy is 
fully lost by prompt radiative decay. As expected, this 
process is fairly similar in distribution to ionization, 
and, once again, it is seen to decrease in intensity as 
voltage increases. 
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Figure 7a - Electron temperature in eV, voltage 300V 
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Figure 7b - Electron temperature in eV, voltage 600V 

17

35

16

13
17

11

6

2

53
70

14
1

282

Distance from anode exit (mm)

R
ad

iu
s

(m
m

)

0 1 2 3 40

1

2

3

4

5

Outer pole

Anode

Anode

Center pole

 
Figure 8a - Potential in V, voltage 300V 
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Figure 8b - Potential in V, voltage 600V 
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Figure 9a - Electron density in cm-3, voltage 300V 
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Figure 9b - Electron density in cm-3, voltage 600V 
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Figure 10a - Single ion creation from neutrals per unit 

volume in cm-3s-1
, voltage 300V 

1

2

36

33

3

4

13

6 8
4 7

Distance from anode exit (mm)

R
ad

iu
s

(m
m

)

0 1 2 3 4 5
0

1

2

3

4

5

6

Level n to +
13 3.9E+20
12 3.5E+20
11 3.1E+20
10 2.7E+20
9 2.4E+20
8 2.0E+20
7 1.6E+20
6 1.2E+20
5 7.8E+19
4 3.9E+19
3 3.5E+18
2 4.0E+17
1 5.1E+16

Outer pole

anode

anode

cent. pole

  
Figure 10b - Single ion creation from neutrals per unit 

volume in cm-3s-1
, voltage 600V 
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Figure 11a - Double ion creation from neutrals per unit 

volume in cm-3s-1
, voltage 300V 
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Figure 11b - Double ion creation from neutrals per unit 

volume in cm-3s-1
, voltage 600V 
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Figure 12a - Double ion creation from single ion per 

unit volume in cm-3s-1
, voltage 300V 
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Figure 12b - Double ion creation from single ions per 

unit volume in cm-3s-1
, voltage 600V
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Figure 13a - Neutral excitation per unit volume 

in cm-3s-1, voltage 300V 
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Figure 13b - Neutral excitation per unit volume 

in cm-3s-1
, voltage 600V 

 
4. Trends 

 
4.1 Effects of mass flow changes 
Table 2 contains two cases for V=600V, B=BNOMINAL, 
one of which has smgm /1052.0=  (nominally 0.1 
mg/s), while the other has 1875.0=m  mg/s 
(nominally 0.167 mg/s). Because of the increased 
collisionality, one might expect the case with higher 
flow to show lower electron temperature and perhaps 
also lower double-ion fractions. Examination of the 
results in Table 1 shows in fact the opposite trends. 
This can be explained as follows: since ne increases 
with m , the mean free path of a given neutral between 
ionizing collisions decreases, and neutrals are more 
likely to be ionized. This is borne out in the result by 
the larger ratio of total mass of ions to total mass of 
neutrals for the higher m , as well as by the densities 
at the central point. This then means that a given 
electron will collide with fewer neutrals, and will 
experience lower ionization and excitation energy 
losses. Since the energy source (the potential 
difference) has not changed, a higher electron 
temperature will result. 
 
Regarding double ions, the ratio of their production 
rate to that of first ions is 
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The small change in Te is not a strong effect, since 
most electrons are well above threshold for these 
transitions at the prevalent high temperatures. The 

factor 
n+

ne

 in the second term indicates therefore that 

there will be proportionally more double ions 
produced from first ions when m  increases. Since the 
other production channel (from neutrals) will change 
little, we can expect an increased double ion fraction at 
higher flow, as indeed the table shows: 12.4% double 
ion mass flow fraction at 0.1 mg/s, vs. 18.1% at 0.167 
mg/s. The other conclusion from Eq. (1) is that, 
because the double ions formed from first ions are 
mainly produced in the low-potential spike region, the 
mean velocity of double ions will be reduced as m  
increases. This is confirmed by the 

+++++ = zz vv /β  factors also listed in Table 2: 

1.32 for the low-flow case, vs. 1.22 for the higher flow 
case (recall that β + +  would be 414.12 =  if double 
ions were created in the same region as single ions). 
 
Finally, in terms of performance, there is a significant 
increase in specific impulse (Isp) and a small increase 
in efficiency at the higher flow rate. The higher Isp 
results from the higher proportion of the flow, which is 
in the form of ions, and especially of double ions. The 
higher efficiency is driven by the larger value of 
ηe = Ib / Ia , which in turn appears to result from the 
fact that many of the secondary electrons produced in 
the low-potential region by the process 

(1)



eiei 2+→+ +++  actually pass downstream into the 
beam instead of back-streaming to the anode. 
 
4.2 Analysis of Efficiency Changes vs Voltage 
The introduction of second ionization in the simulation 
necessitates some redefinition of the familiar fractional 
efficiencies used for Hall thrusters. This is summarized 
in our Appendix A. In short, the overall (anode) 
efficiency is the product of four factors; (a) the 
“Dispersion Efficiency”, which penalizes non-axial 
first ion discharge, (b) the “Acceleration Efficiency”, 
which represents the ratio of the mean potential at 
which first ions appear to the applied voltage, (c) the 
“Electrical Efficiency”, or ratio of  beam to anode or 
cathode current, and (d) the “Effective Utilization 
Efficiency”, which in the absence of double ions 
would reduce to the fraction of mass flowing out as 
ions; the double ions introduce a correction factor for 
this, which depends on the ratio of mean velocity of 
double ions to that of the single ions. 
 
Upon examination of the relevant part of Table 2 (the 
last block of rows), the first striking piece of 
information is the value of the Electrical Efficiency, 
which remains in the neighborhood of unity, even 
higher in some cases. This means that the beam current 
is comparable to or larger than the anode current, 
which is not a familiar situation (values of 0.6-0.7 are 
common for this ratio). The implication is that a good 
number of secondary electrons from ionization events 
manage to leave with the ions and help neutralize the 
beam, without having to back-stream to the anode and 
be re-injected as cathode current. We have verified 
that this is indeed what the computation shows, and 
the inference is that this effect is due to the high rate of 
second ion creation from first ions in the spike region 
(Figs. 12), at potentials below about 30 Volt (Figs.8). 
Whether this is peculiar to this thruster’s geometry 
(small ratio of inner to outer annulus ratio, which 
would tend to enhance the spike effect) needs to be 
resolved in future. Aside from the unexpected 
magnitude of this ratio, its trends are intelligible. For 
instance, if B is kept constant, the beam/anode current 
ratio decreases as voltage is raised. This indicates that 
electron back-streaming is being facilitated by the 
higher anode potentials. On the other hand, if we 
compare the B-field optimized cases, the ratio remains 
about constant, as the additional impedance keeps 
back-streaming in check. 
 

Regarding the utilization efficiency (either for single 
ions or the corrected “effective” value), we can see in 
Table 2 that, both at constant B and for the B-
optimized cases, the trend is to rise fairly rapidly 
between 300 and 600V, then to saturate at nearly 
constant values. This may be related to the increase of 
the electron temperature with voltage, which makes a 
strong impact on ionization at the lower end of the 
voltage range. At low Te , a temperature increase 
moves more ions into the high cross-section range; at 
the higher temperatures, most electrons are beyond the 
ionization threshold, and are in fact moving into the 
decreasing part of the cross-section curve. For related 
reasons, we have noticed that the excitation/radiation 
losses become a smaller fraction of the total electron 
energy balance at higher voltages. 
 
As noted, total (single+double) ion utilization 
efficiency rises steadily from under 80% to more than 
90% as applied voltage is increased from 300V to 
1.2kV. The average degree of gas ionization remains 
at about 4%, with a slight tendency to decrease. This 
indicates that the ion velocity is increasing faster than 
the neutral velocity, and so we can conclude that 
charge-exchange is not an important factor overall. 
 
Interestingly enough, the degree of xenon ionization at 
the chosen fixed point in the anode layer changes 
drastically from ~7% to ~55% as the anode potential 
rises, while plasma and gas densities drop by factors 2 
and 20, respectively. This shows that the ionization 
front is penetrating closer to the anode as the voltage 
increases, so the test point is in the highly ionized 
region at high voltages. 
 
In connection with this, we can examine the behavior 
of the Acceleration Efficiency. At constant B-field, 
and at least above 600V, this quantity decreases with 
voltage, probably because ionization begins whenever 
electrons have gathered enough energy, and this 
happens at a lower fraction of the total potential when 
this potential is high. In contrast, for the B-optimized 
cases the acceleration efficiency increases in the same 
voltage range; this appears to be consistent with our 
earlier observation that the ionization layer is moving 
closer to the anode, and hence to the anode potential, 
in those cases. 
 



Because ion utilization efficiency stays high, the 
plasma production rate (if neutral wall recycling is 
low) has to be about the same: 

  
N

σ I fed
  
v ∫

fed
  
v ∫

Te ned
  
r ∫ ≈ const . 

From Fig. 4 one can see that the electron temperature, 
eT , goes up by a factor of 3. As i) the electron 

temperature is always above ionization potential 
(~12eV), ii) the electron impact ionization cross-
section saturates and even goes back at higher energies 
(see relevant data in [12]), and iii) PIC simulations 
[10,11] show that the electron distribution function 
(EDF) is close to Maxwellian, we may assume that the 

effective propellant ionization rate, 
  

σ I fed
 

v ∫
fed

  
v ∫

≈ const  

as well. Thus the expression under the integral in (2) is 
reduced by an order of magnitude in our range of 
voltages. The only possibility to compensate for that is 
to increase the area of integration (i.e., with substantial 
ionization) by the same factor. This tendency can be 
seen from Figs.10a, b, and also 13a, b, where contours 
of electron impact excitation are shown. The 
expansion of the layer can be seen from Figs. 9a, b as 
well. 
 
The Dispersion Efficiency (reflecting the single ion 
exit angles) has an interesting and not fully understood 
behavior. For constant B, it increases slightly with 
voltage, apparently reflecting a slower-than-
proportional increase of electron temperature with 
voltage. But at optimum B, the trend is clearly 
reversed. Further analysis of this and of its relationship 
to beam divergence is needed. 
 

5. Conclusions and Recommendations 
 
We have carried out a numerical exploration with a 
fully kinetic PIC code of the effects of raising the 
operating potential in a miniature TAL thruster. The 
results appear to validate the usefulness of this 
numerical tool for identifying detailed trends and 
effects, but it is also apparent that various 
improvements are still needed. Among them are 
elimination or reduction of the need for an artificially 
enlarged permittivity of vacuum, methods to speed up 
execution in general, transition to a ceramic-wall type 
of thruster, addition of higher than second ionization 

and addition of at least one ion excited level. Work is 
already underway on most of these points. 
 
Among the important results of our work, we can 
mention: 
• the calculation of the optimum magnetic field at 

each voltage,  
• the existence of a maximum efficiency if the 

magnetic field is not optimized,  
• the disappearance (or near disappearance) of this 

maximum when the magnetic field is optimized,  
• the nearly linear increase of electron temperature 

with voltage,  
• the spatial separation of the two channels for 

double ion formation, with one of them 
predominating in the low-potential central spike, 

• the identification of most of the detailed 
mechanisms for efficiency variation, through a 
detailed analysis of its constitutive factors 

 
We recommend implementation of the model 
improvements mentioned above, along with continued 
development of more advanced numerical techniques, 
and with appropriate experiments to be critically 
compared to these theories. A new such experiment 
which our results suggest would be spectroscopic 
examination of the spike region to verify the 
prediction of abundant double ions there. 
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Appendix: Efficiency definitions 
 
 
The overall efficiency of a Hall thruster is defined by: 
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T
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=η    (A1) 

where I is the cathode/anode current. It can be expressed as 
a function of the beam current: 

  
e
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where eη  is the electrical efficiency, and Ibeam the ion beam 
current 
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Equation (A1) becomes 
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The thrust T and the current I in (A4) are functions of the 
mass flows and average axial velocities of the different 
species: neutrals, single and double ions.  
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This can also be written as  
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Introducing the acceleration and dispersion efficiency for 
the single ions, 
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equation (A6) becomes 
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The utilization efficiencies for the single and double ions 
are defined by 
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To characterize the acceleration and the dispersion of the 
neutrals and double ions, we introduce two parameters 

++β  and nβ , 
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Including these coefficients in η , 
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For cases without double ions and neglecting the neutral 
thrust, 
  +++= udae ηηηηη   (A16) 
For the case with double ions η  can be expressed in a 
similar way if we define an efficient utilization ηu

eff : 
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